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A Secondary Flow Calculation 
Method for Single-Stage Axial 
Transonic Flow Compressors, 
Including Shock-Secondary Flow 
Interaction 
A secondary flow calculation method is presented, which makes use of the meridional 
vorticity transport equation. Circumferential mean flow quantities are calculated 
using an inverse procedure. The method makes use of the mean kinetic energy integral 
equation and calculates simultaneously hub and tip secondary flow development. 
Emphasis is placed upon the use of a coherent two-zone model and particular care 
is taken to describe adequately the flow inside an unbounded {external), semi-
bounded (annulus), and fully bounded (bladed) space. Along with the velocity 
field, the losses, the defect forces, and the corresponding additional work realized 
inside the viscous wall shear layer are calculated for stationary and rotating flow. 
An approximate model for the interaction of the viscous shear layers and the external 
flow is used, which takes into account the meridional and peripheral blockage. When 
shock waves are present in the external flow, an approximate interaction model is 
used, additionally, which calculates the static pressure field resulting from the in
teraction of the shock wave and the corresponding wall shear layer. The method 
has been applied to two single-stage transonic flow compressors and the results of 
the comparison between theory and experiment are presented and discussed. 

1 Introduction 
Some recent attempts to calculate the secondary flow de

velopment in turbomachines solve the Navier-Stokes equations 
directly (see, for instance, Moore and Moore, 1985; Birch, 
1987; Dawes, 1988; Hah and Laylek, 1987; Manchu, 1987). 
While this is ultimately bound to happen, both their turbulent 
modeling shortcomings and important computer time favor, 
for the present time, simpler methods for industrial applica
tions. 

This is particularly true of compressor secondary flow 
computations, where methods using circumferentially aver
aged equations, compatible with the meridional flow model, 
have proved particularly successful. The corresponding pub
lished work (see, for instance, Papailiou et al., 1977; Comte 
et al., 1981; Papailiou, 1983; Douvikas et al., 1987; Kaldellis 
et al., 1988; Leboeuf and Naviere, 1983; Brochet and Falchetti, 
1987; Adkins and Smith, 1982; Gallimore, 1986; and Horlock, 
1971, to mention only those methods that calculate the flow 
inside the blading) has been favored by industrialists and the 
number of approaches used reflects only the difficulty of the 
problem. 
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The present work is a continuation of that presented by 
Papailiou et al. (1977), Comte et al. (1981), Papailiou (1983), 
Douvikas et al. (1987), and Kaldellis et al. (1988). It is also 
based on the same principles and methodology as those of 
Leboeuf (1984), Bario et al. (1982), and De Ruyck and Hirsch 
(1983). The corresponding improved two-zone model, which 
is the basis of the present calculation method, is now applied 
to the case of one transonic and one supersonic single-stage 
compressor. Various aspects as well as the implications of the 
improved flow model are presented briefly in Section 2. In 
Section 3 the equations are presented in the form in which they 
will be used. There, an approximate procedure is described, 
which is used to compute the shock/secondary flow interac
tion. In Section 4 the computational algorithm is presented, 
along with pertinent remarks concerning the numerical pro
cedure. Section 5 is devoted to the comparison of theoretical 
calculations and experimental results and the method's pos
sibilities are discussed. Section 6 presents the conclusions. 

2 Qualitative Description of Flow Model 
As was mentioned above, a two-zone model is adopted in 

the present work, as has been done previously by the authors 
Papailiou (1983), Douvikas et al. (1987), and Kaldellis et al. 
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(1988). This model has been used successfully to calculate the 
secondary flow development in a highly loaded compressor 
cascade (Kaldellis et al., 1988) and, now, it is applied to rotating 
machinery and transonic flow. For completeness the whole 
model will be presented below, although the aspects already 
described elsewhere will be only briefly mentioned here. 

According to this model the flow is divided into an "invis-
cid" part (in which the profile losses are included) and a viscous 
part, which deals with the secondary flow. The analysis of the 
flow is realized in the meridional and the peripheral directions 
and, consequently, the corresponding velocity profiles are con
sidered. As in previously presented work, it is assumed that 
the longitudinal velocity profile makes sense physically and 
may be represented in its reduced form by a velocity profile 
family borrowed from the classical compressible boundary 
layer theory. Although this is done for convenience, it is not 
necessary and is by no means part of the two-zone model 
underlying the present work. In fact, the integral approach 
adopted here for the longitudinal direction could be substituted 
by a differential one. 

The analysis concerning the longitudinal profile, when the 
external flow, used as reference, changes in magnitude and 
direction from hub to tip, may be found in Mellor's work 
(Mellor et al., 1971) in most of the references cited above, 
which adopted it as a standard tool. In the present work, any 
information coming out of the longitudinal profile analysis is 
injected in the meridional and peripheral directions, along 
which the calculation is carried out. The transverse velocity 
profile is not directly considered, as in previous methods, but 
is an outcome of the calculation procedure. Instead, the pe
ripheral velocity profile is used along with the corresponding 
meridional vorticity component. Thus, instead of the classical 
secondary vorticity transport equation, the meridional one is 
adopted in the present analysis. 

This way of looking at things eliminates difficulties that are 

encountered when one considers the transverse velocity profile 
near the entrance and exit regions of a staggered blade row, 
not having a clear case of either a free duct or a bladed duct. 

Before discussing things any further, we think it useful to 
give a general qualitative description of our model, so that the 
information to come fits into a specific frame. In doing this, 
we shall follow the flow as it moves downstream in an annular 
duct, then as it enters and proceeds downstream inside a rotor 
blading and, finally, as it leaves the rotor and enters the next 
annular duct region. Although this situation is not the most 
general considered in this paper, it may illustrate how things 
are viewed in the present calculation method. We shall assume 
that the "inviscid" external flow is given and calculated with
out any wall shear layer blockage effects. 

In the calculation procedure presented below, the two wall 
shear layers (hub and tip) will be allowed, through a simplified 
calculation procedure (described by Papailiou, 1983, in detail 
and briefly in Section 4), to interact with the external flow. 
As a consequence, the meridional velocity of the external flow 
will be modified according to the blockage requirements at the 
considered station and the external flow angle will be modified 
according to a combination of the meridional and, as we shall 
see, the peripheral blockage effects. 

Considering now the first annular duct space, we assume 
for simplicity that, at the entrance, we have a collateral shear 
layer. This introduces a meridional blockage effect and the 
external meridional flow is accordingly modified. As the cal
culation proceeds downstream, the external velocity field is 
modified at each step according to the blockage introduced by 
the two wall shear layers. Each shear layer development cal
culation is performed using the modified velocity field as one 
of the boundary conditions. 

When a change in radius occurs for the external flow stream
lines, a simultaneous change in direction takes place. The cor
responding development of secondary vorticity indicates a 
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change in the direction of the mass flux from the meridional 
to the peripheral direction inside the wall shear layer under 
consideration. This modification of the mass flow rate in the 
peripheral direction exerts in the same direction a blockage to 
which the external peripheral flow field reacts due to the geo
metric confinement (limited passage height). It is expected, 
consequently, that the external flow will be modified not only 
by the meridional blockage, but by this peripheral blockage 
as well. 

The peripheral blockage presence and the viscous peripheral 
velocity profile associated with the distribution of the merid
ional component of vorticity constitute an important aspect 
of the present calculation method. Details concerning these 
topics are presented by Kaldellis (1988) and Douvikas (1988). 
Here we shall only state results of the analysis realized in these 
references, which help to understand the present calculation 
method. 

When a meridional (peripherally averaged) vorticity com
ponent distribution in the n direction is specified, then the 
corresponding peripheral velocity profile depends only upon 
the boundary conditions, that is upon the degree of geometric 
confinement. Expressions for the external aerodynamics case 
(unbounded), the annular duct space (semi-bounded), and the 
bladed case (fully bounded) have been developed by Douvikas 
et al. (1987). These expressions, identical in form for the three 
cases mentioned above, are used in the present calculation 
method. They take into account any practical situation, and 
they can describe the triangular velocity profile of Johnston, 
as well as the one resulting from the blade passage vortices 
inside the blading and downstream of it in the corresponding 
annular duct space. In this way the two cases of internal and 
external aerodynamics are bridged together on a common ba
sis. 

In order to arrive at the wall shear layer peripheral velocity 
profile we shall be using in this work, the total peripheral 
velocity field is divided into two parts. The first one takes into 
account the reaction of the external flow to the peripheral 
blockage. It is, finally, considered as part of it and modifies 
the external flow angle. The second one belongs to the viscous 
shear layer and is the one we have been talking about. The 
resulting viscous shear layer now has the same thickness in 
both longitudinal and transverse directions. At the same time, 
the S-shaped profiles used by Comte et al. (1981) and Papailiou 
(1983) are no longer necessary. This particular aspect is very 
useful when the change of coordinates (absolute to rotating 
frame of reference or vice versa) is operated. 

An additional important feature of this analysis is that it 
renders to the two-zone model its coherence, in considering 
displacement effects in the same way both in the meridional 
and peripheral directions. More precisely, the static pressure 
field, which is the common basis of the "external" and viscous 
flow parts, becomes identical for both real and inviscid flow. 
A direct consequence of the coherence of the flow model is 
that negative losses are no longer encountered during the cal
culation procedure. 

Two remarks have to be added to what has been described 
above. The first one concerns the usual meridional flow cal
culation methods. These have to be modified in order to be 
able to take into account the peripheral blockage effects. 

The second remark concerns the analysis of experimental 
results according to the present model. It is necessary to per
form this analysis using iteratively the present calculation 
method and that dealing with the external flow, as was ex
plained above. Otherwise, it seems rather difficult to separate 
the experimental results into an "inviscid" and a viscous part. 

With these remarks one may proceed inside the annular duct 
region until one finds the rotating blading. It is easy to pass 
from an absolute to a relative frame of reference and consider 
how the flow enters the blades. 

As the flow enters the rotating blading, it must adapt to the 

blading in two ways. First, the external flow must adapt its 
direction to the one imposed by the blade presence. Second, 
any recirculating flow inside the duct must accept the con
finement imposed by the presence of the blades. This situation 
imposes a zero total mass flow rate in the transverse direction 
(for a zero tip clearance). Consequently, at the blade entrance, 
there exists, generally, a nonzero defect force, which can be 
specified through the matching conditions. 

There is nothing to remark here in connection with the cal
culation procedure, which will be described in Section 4 for 
the flow inside the rotating blading. At the exit, a change of 
coordinates occurs and the calculation continues in the absolute 
frame of reference. Entering the next annular duct region pre
sents no problems as the defect force terms have been zeroed 
at the trailing edge. Inside the annular duct region the cal
culation is realized as will be described in Section 4. 

With the above remarks we shall proceed to develop the 
equations that will be solved by the present calculation method. 

3 Governing Equations 
In our analysis we use the mass conservation equation, the 

momentum conservation equation, the energy conservation 
equation, and the vorticity transport equation in order to de
scribe the flow field of a steady, viscous, and compressible 
fluid. 

In these equations the gravity terms are neglected (gas flow) 
and the flow field is supposed adiabatic (zero heat exchange). 

In order to develop the equations in scalar form, we use an 
orthogonal curvilinear axisymmetric coordinate system {m, n, 
;?). After a peripheral integration from suction to pressure 
surface of the blade (see Douvikas et al., 1987, for details), 
we get the following set of differential equations, written in 
deficit form (difference between the equations for the "exter
nal" and the real flow fields). These equations have been 
developed in detail by Kaldellis (1988) and Douvikas (1988). 

In fact, the peripheral integration (which renders our for
mulation compatible with the one used for the calculation of 
the flow in the meridional plane) results in a loss of infor
mation. This loss manifests itself with the appearance of the 
classical (Papailiou et al., 1977; Comte et al., 1981; Horlock, 
1971), additional unknowns (terms) of the defect forces and 
the peripheral fluctuations. In the frame of the present analysis 
the peripheral fluctuation terms have been neglected. 

Momentum Equation in the Peripheral Direction (&) 

j^[B{PeWmeWUe-pWmWu)] 

+ -^[B(PeW„eWUe-pWnWu)] 

= A , + £ {B&T„u)-b cos <p[{peWuWne-PWuWn) 

+ 2uR(peWne-pWn)]-b sin <p[{peWuWme-pWuWm) 

+ 2uR{peWme-pWm)\-B\kn{peWuWme-pWuWm) 

+ km(PeWuW„e-pWuWn)\ + b{cos<p>AT„u 

+ sin <p-A~Tmu) (1) 

where Dy is the peripheral component of the deficit force. 

Momentum Equation in the Normal Direction (n) 
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-pWmWa)]+Dln+
 d{B^"n) +b cos <p\CpeW\~pWl) 

+ 2o>R(peWUe- PWU) +o>2R2(pe~ P)] 

- M T „ „ cos <p + Bkm[(peW
2„,e-pW2

m) 

- (PeW\ -pW\)\~ 2Bk„ {PeWnW,„e- p W„ Wm) (2) 

Mass Conservation Equation 

d[B{PeWme-pWm)] . d[B(PeW -PW„)] 
e- +

 e-
dm dn 

+ Bk„(peWme-pWm)+Bkm(peWne~-pWn)=0 (3) 

Energy Conservation Equation 

~ [B(pVmhl-PeVmh,e)]+ ~ [B(pV„hl-peV„ehle)] = 

= - UDXu + B[kn(peVmhte-p Vjt)+km(PeKeh,e- P V„h,)] 

+ £ (BVurml)+ yn {BVmTmn)+ ~ (BV„Tnn) (4) 

Transport of Vorticity Equation in the m Direction 

d{PWn) - 3?* 
P Wm —— + 

dm 
( cos <p\dlj.* 

dn 

- sin ip - cos 0 
+ pWm-^- +pW„-r^ 

+ . brmu sin <pdn 

+ 2u Bsin v>(PeW,„ -pWm)dn + 2u 

\nw B cos <p(peW„e~pW„)dn 

+ \nw b sin <p(PeWmVJUe- p WmWu)dn 

+ b cos ^pe^u^ne-pWuWn)dn 

+ JBw M „ ( p e W u W m e - P W u W m ) d n 

+ J ^ 5Arm(peW„eW„e-p^u^„)c?« (6) 

where 

This equation is used for the calculation of the peripheral 
striction parameter k (defined in equation (11) of this work) 
for semi-bounded regions (see Douvikas et al., 1987), where 
the deficit forces are nonexistent. 

Momentum Equation in the Meridional Direction (m) 

+ pWmk„-pWm 
dlnb 

dm 

d{pWm) 

dn 
( \ I — 2oib sin <p) 

\*n(l 

- ( < w . A ^ ) + - ( e m m w ) 

u„ i - „ , d In b . - , „ cos <p dip\ 
+ Vn[p Wm - ^ ^ - p Wmkm-2^T —jjZ -jj^j 

-2ij> c o s <p • 

dn 

d(bp Wn 

dn 

+ flm" k B(Wm-Wmty).(-pWm.-pWm)dn 

- /sin <p , \ , . - /cos2u3 , . \ 
• i ^ J - y + £„lcos¥> + ftp»'J — k„sm<p\ 

dn- -r- \ B(pe-p)dn 
dm '" 

- bp Wm —-— sin <p 
dn 

+ I*T til 
dn2 

uw cos,(p (d<pV 
-^bW»-lT\Tn) (5) 

In order to arrive at these equations we have neglected terms 
that contain the derivatives of the total shear stresses in the 
meridional direction and the (viscous stresses) X (curvature) 
terms. 

Additionally, using the three components of the momentum 
equation written in deficit form, we may derive by simple 
integration from hub to tip along («), the following set of 
integral equations 

Momentum Equation in the Peripheral Direction (d) 

DU^in(KA^ 

+ in C B^K-<^eWm-pWm)dn 

-BnpeWu W„ -B„Tm + br„u cos <pdn 
w ew ew w jnw 
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n)-{peW

2
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m)]dn 
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Total Kinetic Energy Integral Equation 
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am Jnw •>"w 

— dn + 2 \ b(pe-p)— dn 
am •>nw dn 

+ 2u2 \ bR2(W„ cos <p+Wm sin <p)(pe - p)dn 
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Note that the total kinetic energy integral equation as written 
above has been derived by considering the mean kinetic energy 
integral equation and the circumferential mean turbulent ki
netic energy equation, neglecting in it the pressure fluctuation 
terms. The final equation is derived when the production term 
is substituted by its expression from the turbulent kinetic energy 
equation. 

The mean kinetic energy integral equation is developed by 
multiplying the three momentum equations in deficit form 
(equations for the externalflow minus equations for the real 
flow) by2Wu, 2Wm, and 2 Wn, respectively, and summing them 
up. Then we integrate the resulting equation along («) from 
hub to tip. 

Global Mass Flow Rate Equation 

dfi 

dm ( m~ \ d 

^+KH+KTj+„— (A*„+A*„) a dms d ,_ _ ^ 

27r dm dm 

B(kHpeWm+kmpeW.)dn = Q (10) 

where n is the meridional striction parameter and ms the mass 
flow rate of the machine. The global mass equation, along 
with the total kinetic energy integral equation and the mo
mentum equation in the meridional direction written twice (for 
the hub and the tip shear layers) constitute a nonlinear system 
of ordinary equations, which is used to calculate the shear 
layer thicknesses (dH, 5T) and the friction velocities (UTH, " r r ) 
simultaneously for both the hub and tip shear layers, as well 
as the meridional striction parameter /i. 

4 Calculation Procedure 
The calculation procedure may be divided into three parts. 

The first one makes use of equations in differential form and 
provides distributions along normals (n) of certain flow pa
rameters. These are the following: (a) the meridional vorticity 
(and the corresponding peripheral velocity profile); (b) the 
total enthalpy, (c) the static pressure; {d) the three components 
of the deficit force; and finally, (e) the normal velocity. 

The equations are used in deficit form, except for the one 
concerning meridional transport of vorticity. 

The second part makes use of the developed integral equa
tions (meridional momentum integral equation, energy integral 
equation for both hub and tip shear layers, and the global 
mass flow rate equation) and essentially computes the longi
tudinal velocity profiles and related quantities. Hub and tip 
shear layers are calculated simultaneously and a two-parameter 
velocity profile family is used for closure (Kuhn and Nielsen, 
1973). In fact the two independent parameters chosen are the 
shear layer thickness 8 and the wall friction velocity ur, while 
additional quantities needed, such as the dissipation factor cD, 
are limited to these two parameters through the same relations 
used for classical boundary layers (see for details Assassa and 
Papailiou (1979) and Papailiou (1981). 

The last part concerns the correction of the external flow 
field using the meridional (parameter fx) and peripheral (pa
rameter k) blockage influence. 

The corresponding procedure, which is an approximate vis-
cous/inviscid interaction one, relates modifications of the ex
ternal flow to the growth of the two wall shear layers, it is 
described in detail by Kaldellis (1988) and Douvikas (1988) 
and assumes that the distribution along a normal (n) of the 
quantity peWm , resulting from an "inviscid" meridional cal
culation method, is conserved as far as its first derivative is 
concerned. It is displaced, however, in order to accommodate 
the blockage effects of the two shear layers. 

Recapitulating in order to render things clearer, we may say 
that the independent variables of our calculation procedure 
are the two striction parameters /*(/«) and k(m), the two shear 
layer thicknesses bH{m) and 5T(m), the friction velocities at 
hub and tip uT (m) and uTj.(m), the distribution of real me
ridional vorticity \m(m, n), and real total enthalpy h,(m, «). 

For computational purposes, the calculation domain is di
vided into subspaces according to the corresponding boundary 
conditions. As we have referred to in our previous work (Dou
vikas et al., 1987); Kaldellis et al., 1988), three different cases 
of subspaces may be specified: the unbounded case (external 
aerodynamics case), the semi-bounded case (annular duct case), 
and the fully bounded case (bladed space). 

As the calculation proceeds from subspace to subspace, the 
inlet conditions for each one of them have to be specified. 
Details concerning the matching conditions are presented by 
Kaldellis (1988) and Douvikas (1988). 

With these remarks we proceed to the description of the 
computational algorithm. The geometry of the machine and 
the initial external flow field of the previous iteration step, as 
well as the real flow quantities up to the previous station j (see 
Fig. 1), are supposed known. The procedure will be described 
for the calculation of the quantities at station (/' + 1). The 
algorithm possesses the following steps: 
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Fig. 1 Schematic representation of the computational grid 

STEP 1 Apply equations (4) and (5) jn order to obtain a 
first estimate of the real total enthalpy h,(n) and real merid
ional vorticity distribution ££(«)> respectively, at_(/ + l)_for 
both hub and tip shear layers. The wall values h, and \m 
cannot be calculated in this step. They will be calculated later. 

STEP 2 Assume an initial set of values for the independent 
shear layer parameters 8H, 8T, uTfI, uTj,, and /x at (/' + 1). 

STEP 3 Calculate the value of the parameter k (peripheral 
striction), which is common to both hub and tip wall shear 
layers. This calculation is performed using: 

(a) For the unbladed region, the integral momentum equa
tion in the peripheral direction (equation (6)), where 
both wall shear layers have been considered simulta
neously. 

(£>) For the bladed region, the condition that the total re
circulating mass flow rate in the transverse direction 
be zero (which is written in the system of coordinates 
attached to the blading). 

From this value, the corresponding value of the meridional 
vorticity £ m at the wall can be computed from the following 
equation (Kaldellis et al., 1988): 

*= j„w RCVm-i*m)dn-B„WUev (11) 

where ( A )e denotes values of the intially given external flow 
field, and k is already known. 

STEP 4 Compute the modification of the external flow field 
due to peripheral and meridional blockage effects using the 
values of k and /x. 

In fact, using the analysis of Kaldellis (1988) and Douvikas 
(1988) by which the modification of the external velocity flow 
field in magnitude and direction can be_ computed, the distri
bution of the external total enthalpy h,, the static pressure 
pe(n), and the total pressure p, (n) are corrected. 

STEP 5 Compute the distributions of the real flow field 
quantities in the n direction. 

(a) The peripheral velocity is computed by a simple inte
gration from the distribution of the meridional vorticity 
component as (Kaldellis et al., 1988) 

k 1 C"w+S 

*«=#«,+ B~Bi" R(^"~ *"**" ( 1 2 ) 

(b) The longitudinal velocity profile is computed using the 
expressions developed by Kaldellis (1988) and Dou
vikas (1988) (calculation of the reduced velocities and 
density profiles) and then the analysis of Mellor. An 
expression of the following form results: 
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SONIC NORMAL SHOCK 
SURFACE (M0=1) WAVE 

Fig. 2 Schematic presentation of the axisymmetric model used for the 
calculation of the shock wave/secondary flow interaction region 

Ws= Ws{5, uT, Wv p) (13) 

(c) Knowing the longitudinal and the peripheral velocity 
profiles, the meridional profile is computed. 

(d) The normal velocity component is computed from the 
mass conservation equation (3). 

(e) For the bladed region only, the peripheral component 
of the defect force is computed, using the momentum 
equation (1) in the peripheral direction. In order to 
compute the other two components of the deficit force 
the blade geometry and the evolution of the blade 
boundary layers are needed. We can generally write 
that 

A m =-A«tanC8 ' -e D ) (14) 

A„ = Awtan/3'.tan5' (15) 

The parameter eD is zero, when the definite force vector is 
perpendicular to the blade mean surface. 

(/) The real static pressure is computed from the momen
tum equation in the normal direction (2). 

(g) The real density is computed from the total enthalpy, 
the static pressure and the velocity distributions using 
the gas state law. 

STEP 6 Update the values of the meridional vorticity dis
tribution £mand the real total enthalpy h, using the computed 
values of the flow field at station (j + 1), for both hub and 
tip shear layers. Repeat STEPS 3 to 5. 

STEP 7 Having the values of all parameters at station (J + 
1), we proceed to validate the system of our integral equations, 
which are: 

(a) The integral momentum equation (8) in the meridional 
direction (two equations for hub and tip, respectively). 

(b) The integral total kinetic energy equation (9) (two equa
tions for hub and tip, respectively). 

(c) The global mass conservation equation (10). 
If the residuals of the integral equations are different from 
zero, we proceed to the calculation of a new set of shear layer 
parameters (8H, uT{f, /*, 6>, uTj). A Gauss-Newton type iterative 
procedure is used in this respect. Then STEPS 3 to 7 are 
repeated until convergence is achieved. 

Once the total computational algorithm has been described, 
we present below the computational algorithm used for the 
shock-secondary flow interaction case. 

Calculation Procedure for Shock-Secondary Flow Interac
tion. For the calculation of the shock-secondary flow inter
action flow field, we shall use a modified small-disturbance 
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theory similar to that of Panaras and Inger (1977) and Kallas 
and Papailiou (1987). In addition to what has been presented 
in these references, energy exchange and variable static pressure 
before and after the shock will be considered in the present 
case. Details of the development may be found from Panaras 
and Inger (1977) and Kallas and Papailiou (1987), while some 
additional information concerning the extension to the shock-
secondary flow interaction may be found from Kaldellis (1988). 

The simple model that describes the interaction region for 
an axisymmetric configuration is presented in Fig. 2. It consists 
of a three-dimensional shear layer (region 2) of constant thick
ness, of the outer part of the flow upstream of the shock wave 
(region 1) and of the outer part of the flow downstream at the 
shock wave (region 3). The shear layer is divided into two 
parts: the outer one in which the flow is transonic and rota
tional, and the inner one, in which there exists a subsonic 
region through which disturbances are transmitted upstream. 

Following a small-disturbance approach, the flow field is 
decomposed into a basic flow field and a disturbance. The 
basic flow field consists of the real external pressure field 
upstream of the shock wave and a fictitious continuation of 
it in the region downstream of the shock. The basic flow field 
is continuous. 

The disturbance consists of the shock wave induced pressure 
step, which, if added to the basic flow field downstream of 
the shock, will restore the real flow field. 

The theoretical development is based on the Euler equations 
(Kaldellis, 1988). Denoting the basic external flow quantities 
with the subscript zero and disturbances with A( ), we have 

Wme=W„o(m,n)+AWme(m,n) 

WUe=WUo(m,n)+AWUe(m,n) 

Wne=Wno(m,n)+AWne(m,n) 

pe=p0(m, n)+Ape(m, n) 

h,e = h,o(m, n)+Ah,e(m, n) 

pe = p0(m, n)+Ape(m, n) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

In order to compute the flow field of the interaction region, 
the external flow angle is considered unchanged through the 
shock wave, which is assumed normal to the flow direction. 
Consequently, we have 

3.=/ (22) 

Introduction of the above expressions (16) to (22) into the 
Euler equations yields, after manipulation and rearrangement 
(Kaldellis, 1988) the following equation, written in the coor
dinate system relative to the blades for the disturbance of the 
static pressure field: 

d\Ape) 

dn2 

2 dM0\d{Ape) / I 2 dM0\ 

\R Mn dn J 

+ (1-A*L) 

dn ) dn 

d2(Ape) 

dpo 
dn 

dm2 

1 d(Ape) 

cos2/30 

Po dn 

dMr 

P0al 

d(Ape) 

dn 

\M0w dn p0 dn) 

(4p«) , 2(Apg) (da0 - da0\ 
i + ~ 5" I — cos /30 + — ) 

Po'rt Po'do \dm dnj 

_ (Ape) 
p0a

2R 

d(Ape) 
— co 

dm 

Port 

= 0 (23) 

For numerical analysis purposes, the above equation can be 
written as 

dMPe) ^diAp^+BdHAp^+T = Q 

dn1 dn dm1 (24) 

A first set of boundary conditions, which is considered valid 
inside all three regions of the model presented in Fig. 2, is 
imposed by demanding the equality of the pressure disturbance 
fields at the edge ofthe shear layer. Continuity ofthe streamline 
slope across the edge of the shear layer is used as an additional 
boundary condition. 

The numerical solution of equation (24) is obtained through 
a Fourier transform. The pressure disturbance field may be 
calculated at any distance from the wall through equation (23). 

Prior to presenting the steps of the computational algorithm, 
it is important to mention that the real jump of static pressure 
across the shock wave is needed as a boundary condition. 

In order to obtain the real static pressure jump, a modified 
Rankine-Hugoniot condition is applied, taking into account 
the area variation across the shock wave, which results from 
the shear layer presence. Then, the real static pressure jump 
Ape can be expressed in relation to the theoretical one Ape 

given by the Rankine-Hugoniot conditions through the fol
lowing equation: 

&Pe, 

A/V 
= 1 

P03 

pi, 

(5-0 
/KH + *»T\ Ml] 

1 - 1 + (*»H+*'°>T\ M*0\ 

(25) 

This expression, introduced in the secondary flow interaction 
procedure described below, gives a good approximation of the 
pressure distribution under which the shear layers will develop. 
However, as the displacement thicknesses is not known be
forehand with accuracy, an iterative procedure is necessary. 
Of course, the additional viscous-inviscid interaction proce
dure described in Section 4 must be used here also, in order 
to "protect" the shear layers from excessive positive pressure 
gradients. 

At this point we shall present the shock-secondary flow 
interaction calculation algorithm. 

STEP 1 Assume a distribution of the shear layer parameters 
for the interaction region. 

STEP 2 Use equation (25) and calculate the real pressure 
jump across the shock wave, making use of the displacement 
thickness values. Then calculate the static pressure field Ape (m , 
ri) inside the interaction region using equation (24). 

STEP 3 Using the previously calculated static pressure field, 
calculate all the other pertinent parameters of the external flow 
field (velocity, total enthalpy, density). 

STEP 4 Using the algorithm presented in Section 4 for the 
shear layer calculation, calculate the real flow field. 

STEP 5 Compare the new values of the shear layer param
eters with those of STEP 1. If convergence has not been 
achieved, repeat STEPS 2 to 5. Otherwise, proceed to the 
calculation of the shear layer downstream of the interaction 
region. 

The abovedescribed algorithm is rather stable and converges 
rapidly (only three or four iterations are needed). 

Once the two computational algorithm have been presented, 
we shall proceed and present comparisons of computational 
results with experiments. 
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Fig. 3 Schematic representation of the ECL1 transonic axial compres
sor (meridional plane) 

5 Calculation Results, Comparison With Experiment, 
and Discussion 

The calculation method described above was used to analyze 
the flow field through one transonic and one supersonic axial 
flow compressor stage, for which experimental results were 
available (Leboeuf and Naviere, 1983; Goutines and Naviere, 
1987). 

The transonic axial compressor stage ECL1, presented sche
matically in Fig. 3, possesses inlet guide vanes. On this figure 
are indicated the positions where measurements were taken 
(and comparisons between theory and experiment are per
formed). Due to limited space, comparisons will be presented 
only for stations (3.4), (5.4), and (7.2). No additional infor
mation about the experimental setup and the measurements 
will be presented here (it is already presented by Leboeuf and 
Naviere, 1983), other than the mass flow rate ms = 15.5 kg/ 
s, the stage pressure ratio IT = 1.35, and the rotational speed 
N = 10704 rpm, which indicate the operating conditions char
acterizing the comparisons presented below. 

The calculation was carried out using the meridional plane 
field issued from a meridional external flow calculation method 
with no wall shear layer presence. 

The calculation results give the shear layer evolution along 
with the modified external flow field resulting from the ap
proximate interaction procedure incorporated in the secondary 
flow calculation itself. No additional iteration using the ex
ternal flow calculation method was performed. Figures 5-7 
present comparisons between prediction and experiment for 
the spanwise evolution of Wm, a, p, p„ and Tt. Solid lines on 
these figures represent the pitchwise-averaged flow field as 
computed by the present method. The "stars" represent the 
results of the external flow field calculated without wall shear 
layer presence and the squares represent the experimental re
sults. 

Overall agreement between computed and experimental re
sults can be termed quite good at the inlet guide vanes exit 
(Fig. 5). The overall blockage is not yet important, but it is 
well predicted, as shown by the agreement of the external flow 
and real flow outside of the viscous shear layer regions. The 
total temperature increase near the hub, which is due to the 
rotating nacelle, fails to be predicted by the present method. 
In fact, in its present form this is not possible, although pre
viously published work (Pavis et al., 1987) demonstrates how 
this could be done within engineering accuracy. 

Again, at the exit of the rotor, agreement between computed 
and experimental results can be termed quite good (Fig. 6). 
The well-predicted overall blockage is quite important and one 
can remark the changes due to the peripheral blockage both 
upon the flow angle and the energy level at the rotor exit. The 
details of the shear layers are relatively well predicted, espe
cially the exit flow angle. Still, the total temperature level inside 
the shear layers is underestimated, indicating that the com
putation of the lost work needs re-examination. 

Finally, at the exit of the stator, agreement between com
puted and experimental results is good (Fig. 7). The external 
flow quantities agree well with the real ones inside the "in-
viscid" flow region, so that the same remark as before can be 

Fig. 4 Schematic representation of the ECL3 supersonic axial com
pressor (meridional plane) 

made for the overall blockage prediction. The details of the 
wall shear layers are well predicted (note that the longitudinal 
velocity profile has been presented here instead of the absolute 
angle profile, which is rather small). 

We can observe the same discrepancy for the total temper
ature as for the rotor exit station. Although comparisons can 
only be made at the inlet and exit stations of the rotor, it is 
interesting to examine the evolution of the velocity field inside 
the rotor, relative to the blading. This evolution is presented 
in Fig. 8 for four successive stations (entrance, 33 percent of 
axial chord, 66 percent of axial chord, and rotor exit). Good 
inlet and outlet flow field agreement gives a good chance that 
the evolution presented in Fig. 8 represents reality. 

The comparisons presented up to now concern the merid
ional and peripheral velocity fields, as well as the longitudinal 
one. In other approaches, the transverse velocity profile has 
played an important role, as the secondary vorticity is consid
ered. A comparison of computed and experimental results for 
such a profile is presented in Fig. 9 for the rotor exit. The 
agreement is good, noting at the same time the important 
difference that exists between the initial and modified (by the 
combined meridional and peripheral blockage effects) external 
flow field. 

The supersonic axial compressor stage ECL3, presented 
schematically in Fig. 4, possesses variable inlet guide vanes. 
On this figure, which presents a meridional section of the stage, 
are indicated the positions where measurements were taken 
(and comparisons between theory and experiment are per
formed). Due to limited space, comparisons will be presented 
only for stations (3.2), (5.2), and (7.1). 

No additional information about the experimental setup and 
the measurements will be presented here either (it is already 
presented by Goutines and Naviere, 1987), other than the spe
cific mass flow rate ms = 180 kg/s/m2, the stage pressure ratio 
•w = 1.84, and the rotational speed N = 15,965 rpm, which 
indicate the operating conditions characterizing the compari
son presented below. 

The calculation was carried out using the meridional plane 
flow field issued form a meridional external flow calculation 
method with no wall shear layers. 

The calculation results give the shear layer evolution along 
with the modified external flow field resulting from the ap
proximate interaction procedure incorporated in the secondary 
flow calculation itself. No additional iteration using the ex
ternal flow calculation method was performed here, as well. 

Figures 10-12 present comparisons between prediction and 
experiment for the spanwise evolution of Wm, Wu, p, p„ and 
T,. The same symbols (as for the ECU) are used for the present 
comparison. 

Overall agreement between computed and experimental re
sults can be termed quite good at the inlet guide vane exit (Fig. 
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10). The overall blockage, although it is rather small, is well 
predicted, as shown by the agreement of the external flow and 
real flow outside of the viscous shear layer regions. The total 
temperature profile demonstrates an increase not only near the 
hub as previously but also near the tip. We can find no ex
planation for this last increase. 

Again, at the exit of the rotor, agreement between computed 
and experimental results can be termed good (Fig. 11). The 
overall blockage, which is relatively important only in the 
peripheral direction, is well predicted. One can remark the 
corresponding changes in the peripheral velocity distribution 
and the energy level at the rotor exit. The details of the shear 
layers are relatively well predicted, especially the exit total 
pressure. Still the total temperature level inside the hub shear 
layer is underestimated, indicating that the computation of the 
lost work needs re-examination. 

Finally, at the exit of the stator, agreement between com
puted and experimental results is good (Fig. 12). The external 
flow quantities agree well with the real ones inside the external 
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Fig. 10 Comparison between theory and experiment at exit of inlet guide vanes (Station 3.2, Fig'. 4) 
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Fig. 11 Comparison between theory and experiment at exit of rotor (Station 5.2, Fig. 4) 
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Fig. 12 Comparison between theory and experiment at exit of the stator (Station 7.2, Fig. 4) 
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Fig. 13(b) Distribution of tip shear layer thickness inside interaction 
region (calculation results) 
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Fig. 13(c) Distribution of tip shear layer friction velocity inside inter
action region (calculation results) 

flow region, so that the same remarks as before can be made 
for the overall blockage prediction. The details of the wall 
shear layers are well predicted, except for the total temperature, 
for which we can observe the same discrepancy as for the rotor 
exit station. 

In order to obtain the abovementioned results, the approx
imate procedure described above for the calculation of the 
shock secondary flow interaction field was used. 

The shock position was calculated using a blade-to-blade 
calculation method along with the meridional external flow 
calculation one. In Fig. 13 some computational results are 
presented. Figure 13(a) presents the initial external flow static 
pressure distribution at the tip wall along with the distribution 
resulting from the combined effect of the interaction and the 
blockage. Note that the blockage is rather small, so that the 
decrease of the initial static pressure downstream of the shock 
due to the blockage is limited. 

The shear layer thickness and the friction velocity distri
butions are presented on the same figure. No flow separation 
is present, while the interaction region extends itself to a good 
part of the blade axial chord. Unfortunately, no experimental 
data exist for comparison. 

In addition to the comparisons presented above, we may 
add that the method is numerically well behaved and that the 
iterative procedure engaged in each calculation step converges 
in a few iterations. Although numerical aspects of the method 
have not been examined here, it may be interesting to state 
that quite a few numerical problems had to be solved. We may 
quote as an example the treatment of the vorticity transport 
equation and the calculation of the corresponding peripheral 
velocity profile, the prediction of which was controlled through 
an integral equation. In fact, we were obliged to start all in
tegrations from the external flow field and derive the value of 
the meridional vorticity component at the wall through the 
peripheral blockage parameter. 

6 Conclusions 
A secondary flow calculation method was presented above, 

which solves the peripherally averaged flow equations and 
makes use of the two-zone model. 

The method computes the hub and tip shear layers simul
taneously and makes use of an approximate viscous/inviscid 
interaction calculation procedure, which modifies for blockage 
the initial external meridional flow field as the computation 
marches downstream. In fact, the viscous/inviscid approxi
mate interaction procedure is incorporated in the wall shear 
layer calculation method, giving it the possibility to match with 
any external meridional flow calculation method, even when 
flow separation is present. 

An improved two-zone model is used, which introduces the 
notion of the peripheral blockage. This is beneficial in more 
than one way, lifting in the first place certain incompatibilities 
existing before. External and internal flow problems are treated 
on a common basis and a clearer definition of each wall shear 
layer is possible, something that facilitates computations, when 
a change of coordinates takes place. 

New matching conditions are developed and difficulties at 
inlet and exit of blade rows are avoided. 

Instead of the traditional secondary vorticity, the meridional 
component is used, the transport of which is computed, taking 
into account viscous terms. The corresponding peripheral ve
locity profile is derived through a simple quadrature. 

The total kinetic energy integral equation has substituted 
the entrainment equation used until now. Although this equa
tion is not as easily applicable, it seems that its use produces 
better results and gives the possibility to treat the case of 
merging wall shear layers. 

An approximate shock/shear layer interaction procedure 
was extended and adapted to the present calculation method 
in order to compute the shock wave/secondary flow interaction 
case whenever present. 

The method was applied to the case of two single-stage axial 
flow compressors (one transonic and another supersonic), for 
which experimental results were available. 
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The wall shear layer calculation was performed using as 
external flow field, the one resulting from a meridional through 
flow calculation without wall blockage. Comparison between 
computed and experimental results was good. It made clear 
that the viscous shear layer calculation method was capable to 
compute correctly the blockage effects, demonstrating the im
portance of the peripheral part of the blockage. In addition, 
a good description of the details of the wall shear layers was 
obtained, except for the total temperature increase, which was 
underestimated. 

Although the numerical aspects of the method were not 
discussed because of space limitations, the general behavior 
can be termed as stable and rapid. 

It is hoped that the present work and comparisons will stim
ulate the work that has been done in recent years in the same 
field. 
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